where ε e is the quasienergy, ψ e,l ( l , e ) is the lth sideband state of the dressed state ψ e , τ 15 is the time delay between the driving field E(t) and the instantaneous time of the 16 observation, and ħ denotes Planck's constant divided by 2π. 17
18
The essential aspect of the photon dressing is imprinting the phase information of the 19 driving field on the quantum phase of the dressed state through lΩτ in Eq. (1), as well as 20 the energy spacing of the sidebands in units of the driving photon energy ħΩ, as shown 21
in Fig. 1(a) . When the dressed state ψ e is excited by the optical field of the probe pulse 22 at a time delay τ =τ 1 , even considering the case of an optical component exciting l , e (l 23 = 0) ( Fig. 1(b) ), because the ψ e is a quantum superposition state described by Eq. (1) the 24 polarizations between the vacuum 0 and the every different sideband states ' , e l 25 can be induced and leads to the phase-locked sideband emissions [13, 14] . Their phase 26
Figures 2(a) and 2(b) show that the driving field of the pump THz pulse has a fairly 13 sinusoidal temporal shape in the sample and a central frequency (photon energy) 14 of Ω/2π = 0.6 THz (hΩ = 2.5 meV). The intra-excitonic 1s-2p transition energy hΔ is estimated to be ~8.2 meV, leading to 21 the non-resonant THz interaction with the transition as shown in Fig. 2(d) . The 22 time-averaged spectrum (orange dotted line in Fig. 2(c) ) with THz field E = 0.5 kV/cm 23 over τ between −1.5 and 2.5 ps does not exhibit any remarkable structures. Nonetheless, 24 the time-resolved absorption changes present remarkable dynamical features: the left 25 panel of Fig. 2(e) shows that the absorption changes Δα sliced at ε ex1 +2hΩ (thick blue 26 solid line) and at ε ex1 (red solid line) in the right panel are modulated on timescales two 1 times faster than the THz cycle period. 2
3
The narrow bandwidth of the THz pulse (~100 GHz) enables an excitonic dressed 4 state ψ ex to be induced, and the subsequent probe pulse excitation causes sideband 5 emissions from it ( Fig. 1(b) ). The optically allowed sidebands have an energy spacing 6 that consists of even multiples of the THz photon energy, i.e., 2mhΩ, where 2m = |l'−l| 7 because of the spatial inversion symmetry of the system. Because the sidebands are 8 superposed and their phases are locked to each other, the relative phases between the 9 emissions and probe pulse develop synchronously from 0 to 2π with τ, such that 10 constructive and destructive interferences alternately appear with a differential 11 frequency (periodicity) of 2mΩ (T/2m). 12
13
Assuming the interaction of THz pulse with the 1s and 2p excitonic transition as 14 shown in Fig. 2(d) [31], the optical absorption α (ω,τ), which is defined as 15
(where P(ω, τ) is the polarization induced by the 16 probe pulse excitation with a spectrum f(ω), ε 0 is the vacuum permittivity, n 0 is the real 17 part of the refractive index, and c is the speed of light), can be calculated by using a 18 standard first-order perturbation approximation [32] [33] [34] : 19 The calculation results presented in Fig. 2(e) demonstrate that our model captures the 8 observed dynamical behaviors very well (i.e., periodic changes on timescales two times 9 faster than the THz cycle period at both ε ex1 +2hΩ and ε ex1 .) In addition, the analytical 10 formula α(ω,τ) (Eq. (2)), which includes the alternation between the real and imaginary 11 parts of the susceptibility ) ( to the optical response. To observe the effects of higher sidebands, Δα was measured 22 with a relatively stronger field (E = 1.6 kV/cm), as shown in Fig. 3(a) . shows temporal profiles of Δα sliced at ε ex1 +2hΩ and ε ex1 +4hΩ, which reveal 24 oscillations with a quarter-cycle T/4 (green line) and half-cycle T/2 periodicity (orange 25 line). The Fourier transform spectrum of Δα shown in Fig. 3(a) reveals the origins of the 26 observed sub-cycle responses (Fig. 3(c) ). The solid lines in Figs. 3(d-f) show the 27 experimental 2mth (2m = |l−l'| = 2, 4 and 6) harmonic spectra; there is a peak at photon 1 energies of ε ex1 +2mhΩ aside from the one at ε ex1 . The peak energy increases as an 2 increase of hΩ [39], and these spectral features can be reproduced by calculations with a 3 perturbation approximation extending to 2mth order (dashed lines), allowing us to 4 attribute the peaks to the sideband emissions at ε ex1 +2mhΩ as origin of the sub-cycle 5 response [40] . [31] The 1s state has a prominent oscillator strength around the bandgap as shown in 2 Fig. 2(c) , and the large dipole moment of 1s-2p transition (~40 eÅ) with respect to 3 the others (e.g., the 1s-3p (~15 eÅ)) allows it to interact with the THz electric field 4 most strongly compared with the other higher excitonic and continuum states. A 5 more detailed analysis considering the higher states and the many-body Coulomb 6 interactions between carriers is beyond the scope of this report. 
